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Abstract: A simple approximate formula is derived for the boundary map function of a conformal map which provides 
a remarkably good fit for mappings to regions with highly distorted boundaries. The approximation follows from the 
reduction of a nonlocal integral equation for the map function to a local equation based on the nature of the 
‘crowding’ associated with distorted regions. Numerical examples are given. 
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1. Introduction 
Methods for numerical conformal mapping which require a significant distortion of the 
original boundary are likely to encounter a phenomenon which has been called ‘crowding’ [l]. 
This refers to the extreme compression of a segment of arc of the distorted boundary under the 
mapping to the corresponding arc segment of the smoother boundary. For example, if the region 
of the (x, y)-plane above the curve y = 100 cos x is mapped to a halfplane (by, say, a function 
normalized to the identity function at large JJ), the compression factor for an arc segment near 
the minimum of the cosine curve is lo- 124 Significant crowding has been a concern in physical . 
applications of conformal mapping to fluid dynamics [2,3,4]. 
The approximate conformal map formula given here, despite its elementary form and not 
entirely rigorous derivation, provides a remarkable fit to map data calculated by much more 
laborious means for cases of highly distorted regions, and often a good fit in more ordinary cases 
as well. In particular, it reproduces the lo- ‘24 factor already referred to. Results of a similar kind 
have also been obtained by Dubiner [5]. 
Let z = z(w) conformally map the upper half of the complex w-plane, w = u + iu, onto the 
region of the z = x + iy plane above the boundary curve y = j( x). For present purposes, j(x) is 
taken as single-valued and periodic with period 27~. For standardization, we suppose the 
portion - 716 u < 71 of the real w-axis is mapped into the arc of y = j( x) with - c < x < IT. Let 
u = U(X) denote the inverse of z = z(w) along the boundary. The relations 
Z = e”, WC eiW (1) 
identify this formulation with the mapping between a simply-connected region of the Z-plane 
and the interior of the unit disc in the W-plane. 
Our discussion applies to boundary curves j(x) which are differentiable, although extension 
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to piecewise differentiable functions, and refinements adapted to special circumstances, can be 
made. One of the examples below treats a boundary curve with a cusp where the slope is infinite 
at the singular point. 
2. The crowding formula 
The integral equation 
defines u(x) and the constant y, when j(x) is prescribed in accordance with Section 1. This 
equation and the general approach of this paper are based on reference 1, hereafter called MZ. 
A boundary point (x, j(x)) is said to be in a crowded region if du/dx, which is the 
compression factor cited above, is less than one. A region of ‘severe’ crowding, if there is one, 
would be an interval of x values for which du/dx +z 1, and would be centered around a 
minimum point of the curve y = j( x). 
Let x, be in a region of severe crowding about a minimum point x,,, and set u0 = u(xa). Let 
x2 be in a less crowded region so that du(x,)/dx < du (xz)/dx. Then u(xz) - u(x,) is a more 
sensitive function of x2 than of x1, and we seek to approximate this difference by u(x2) - ua. 
This condition of approximation does not apply if x1 and x2 are so close to a minimum that 
1 d$/dx 1 -c 1 at both these locations. The degree of validity of these assertions may be gauged 
from the numerical examples in MZ. 
To exploit this, differentiate (2) with respect to x, applying the following approximations to 
the right side: For Ix - x0 I < Ix’ - x,, 1, put 
&loglsin +( u(x) - u(x’)) 1 -+ 0, 
and for lx-x01 > Ix’-x01, put 
&loglsin +(24(x)-u(x!))I +&loglsin $(24(x)-~a)[. 
This approach presumes that j(x) has a single minimum, at x = x0. For the case of several 
minima, see the comment in the next section. This leads to a local equation, 
dj 2lb-~o)I d -= 
dx 71 
zloglsin $(u- ua) I. 
With the definition 
(3) can be integrated to give 
sin ~Iu(x)-uoI =CexpQ(x), C=constant. 
The quantity 
(5) 
dQb) IT dj$x) 1 -=-- 
dx 2 dx lx-x01 
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emerges as a measure of crowding directly related to the definition of the boundary curve in the 
z-plane; dQ/dx will be large for x-values which are severely crowded. Equation (5) can be 
improved by the replacement exp Q(x) + sinh Q(x), so that the revised equation reduces to 
0 = 0 at x = x0. The replacement compensates for the failure of the approximation procedure for 
x in the immediate neighborhood of x0, and has no effect for the main region of severe crowding 
and beyond, where Q(x) B- 1. 
The revised equation (5) can be restated as 
sin +( u(x) - uO) sinh Q(x) 
sin +( u(x,) - uO) = sinh Q(x,) ’ 
(6) 
Equation (6), with Q(x) defined by (4), is our principal formula. The supporting argument 
indicates that its accuracy increases in the limit of du/dx small for both x and xi, that is, when 
x and xi are both close to a minimum points x,, for j(x) and du/dx < 1 at x = x0. 
More generally, one can test the accuracy of (6) for arbitrary x, xi and for mapping situations 
where the boundaries are not severely distorted. As shown in the examples of the next section, a 
fair amount of qualitative validity is often retained. 
Suppose, for example, the boundary curve y = j( x) is symmetric in x as well as periodic with 
period 2n, and has one maximum and one minimum. Then the coordinates can be set with the 
minimum at x0 = 0, u0 = u(xO) = 0 and the maximum at x = n, u(a) = n. If we are so bold as to 
put x, = 7r in the crowding formula, it reduces to 
sin MU = sinh Q(x)/sinh Q(IT). (7) 
Differentiating, and setting x = 0, we find, for the measure of maximum crowding under this 
assumption, 
(du/dx),,O = ~(d2j/dx2)x_,/sinh Q( IT). 
Similarly, the measure of minimum crowding is then given by 
(dU/dx)X=n= [-2 coth(Q(Ir))(d*jj/dx’),=,]‘. 
(8) 
Several kinds of tests on the validity of the crowding formula are done in the next section for 
even-periodic boundary curves. Logarithmic differentiation of (6) yields an equation depending 
on a single x variable: 
dls(x) = coth Q(x) dQ(x)/dx 
where we have set 
(10) 
dls(x)=dlog)sin t(u(x)-z+)l/dx 
The first test is to compare precisely calculated values of dls(x) against the right side of (10). 
When these match in some interval of x, then (6) is valid for x, xi in that interval. Second, the 
accuracy of the predictions of du/dx in the ‘bold’ approximation, exemplified in (8) and (9), is 
studied. Third, the exact and predicted values of U(X) and du/dx are compared for various 
choices of base points xi, and the associated u(x,). Finally, for the mapping between the 
interiors of an ellipse and a circle, for which (du/dx),_, has a simple analytic expression, a 
matching is based on this value. 
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3. Illustrative examples 
Data under the ‘exact’ headings in Tables l-5 below were generated by the computer code 
CONMAP, which is an improved version of the MZ procedure. Some of the data for the first two 
families of curves have already appeared in that paper. Although the mapping for the ellipse is 
also expressible analytically, the application of CONMAP seemed more direct than working 
through the relevant elliptic functions. A Fortran listing and a tape of CONMAP are available 
upon request to the author. 
3. I. Cosine curves 
Let J(x) = -D cos x, D > 0. Because 9 is even, the relevant interval is 0 < x < 7~ with the 
minimum at x = 0. We consider D = 1 (an easy case), D = 5 and D = 10 (hard cases), and 
D = 100 (very hard) in the ‘bold’ crowding approximation, i.e., where (6) is assumed valid for all 
X. 
The terms ‘easy’ and ‘hard’ refer to the viability of methods of the Theodorsen type. In the 
MZ approach, an ‘easy’ case would be solvable with good accuracy in a calculation of order 5 or 
10, i.e., with the inversion of 5 X 5 or 10 X 10 matrices. An alternative criterion would count the 
number N, of terms in the Fourier expansion of z(w) on the boundary needed for order-of-mag- 
nitude convergence. This can be estimated as Nr > $(du/dx)-‘, i.e. 10’ terms of the Fourier 
series for D = 5 are needed for x near the minimum. 
Table 1 tests (10) by comparing exact values of dls(x) against Q’(x)coth Q(x) in the ‘very 
hard’ case, D = 100. The relative error is less than 1 in lo4 over most of the x-interval. This 
allows good approximation of u(x), du/dx for the D = 100 case although this data ranges over 
124 decades. 
We have 
Q(~)=;l”D~“dx=2.9090D. 
0 
The derivative formulas, (8) and (9), yield 
TD 
sinh(2.9090D) 
+ (27rD)10-*.26340 for D za 1, 
/2D coth(2.9090D) --, m for D xz- 1. 
Table 1 
Cosine curve, D =lOO, dls(x)= (d/dx) loglsin iu(x)l, relative error = (dls- Q’(x)coth Q(x))/dls 
X dls( x) Relative 
error 
du/dx 
0 
O.llT 
0.2n 
0.4n 
0.6n 
0.8~ 
0.9Tr 
71 
1:s <1o-5 
146.9 <10-s 
118.9 2x10-5 
79.26 6x10-’ 
36.75 4x1o-4 
17.23 3.6~10-~ 
0 - 
2.733 x lO-‘24 
2.774~10-“~ 
1.099x 10-82 
3.699 x lo-& 
3.942x lo-l9 
1.127 x 1O-3 
2.416 
14.562 
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Table 2 
Cosine curves 
D=l 
D=5 
D=lO 
D=lOO 
(du/d.r)at x=0 
Exact 
0.224 
1.163 x 1O-5 
1.210x10-” 
2.733 x 1O-“4 
Bold 
crowding approx. 
0.344 
1.514x 1o-5 
1.460x lo-” 
2.892 x lo- lz4 
(du/d.r) at x = n 
Exact Bold 
crowding approx. 
1.864 1.418 
3.599 3.162 
4.904 4.472 
14.562 14.142 
These estimates are compared in Table 2 with the exact results. We find order of magnitude 
agreement even down to D = 1 where, with (du/dx), = 0.22, crowding is not severe at all. The 
relative error decreases, as it should, as D increases. We note, without explanation, that the 
difference error for (du/dx), is consistently 0.42-0.44 throughout the parameter range from 
D = 1 to D = 100. 
A more accurate calculation for, e.g., D = 10, can be organized as follows: For an MZ 
calculation of order 10, we find u(0.61~) = 1.5168. By looking at a sequence of calculations of 
lower order, one can confirm that this is accurate to the number of decimal places quoted, and 
that the U(X) for x > 0.61~ are at least as accurate. Also, the left side of (10) at x = 0.61~ is 7.973, 
which differs from the right side by less than six parts per thousand. With this as a guide to the 
error, we match this calculation for 0.6~ < x < 71 to a crowding approximation for x -C 0.6~ by 
taking x1 = 0.67r, U, = 1.5168 in (6). Table 3 compares exact and approximate data for u and 
du/dx under this matching. The largest error is 4+% for the derivative at maximum crowding. 
The errors could be reduced by matching at a smaller value of x1. 
3.2. Spike curves 
The other principal class of curves surveyed in [l] was the class of spike curves, defined by 
sinh /3 
cash p - cos x 
Table 3 
Cosine curve, D = 10 
X U(X) 
Exact Approximate 
du/dx 
Exact Approximate 
0 0 0 1.210x10-” 1.266 x lo-” 
0.1,” 5235x10-” 5.456x10-” 8.099 x 10 - lo 8.430 x lo- lo 
0.2,” 6.074x 1O-9 6.292 x 1O-9 8.937 x lo-* 9.246 x lo-* 
0.37’ 5.168 x lo-’ 5.320 x lo-’ 6.980 x lo- 6 7.174x1o-6 
0.4n 2.827 x 1O-5 2.888 x 1O-5 3.368 x 1O-4 3.434x 1o-4 
0.5,” 8.937 x 1O-4 9.049 x 1o-4 8.967 x 1O-3 9.049 x 10-s 
0.61’ 1.517x10-* (matched) 0.1209 0.1202 
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Table 4 
(du/dx),-, for spike curves 
p=1 
/3 = 0.5 
B = 0.35 
Exact 
2.3114x lo-’ 
3.7733 x lo- ‘0 
1.3561 x lo--l9 
Bold 
crowding approx. 
6.50x 1O-3 
13.25 x lo-” 
5.27~10-‘~ 
Matched 
crowding approx. 
2.59~10-~ 
4.24x10-” 
1.52~10-‘~ 
Matching point 
XI Ul 
O.lSn 0.0136 
0.15n 0.372 
0.15n 0.430 
These curves have, as p --) 0, increasingly narrow and deep spikes around x = 0, characterized by 
J(O) =ymin = -coth(iP). Table 4 compares exact values of (du/dx),,,, for several p values, 
with both the bold approximation and for matching at x, = O.&r, where a calculation of u(xi) 
is accurate to better than three figures in a calculation of order 10. Because the trough of the 
spike curves is confined to a narrow interval around x = 0, a major portion of the x interval is 
uncrowded in these examples and the bold estimates for (du/dx),,, are off by 40%60%. The 
order of magnitude of (du/dx),,, is still well represented, even in the bold approximation, 
although confirmation of this fact is based on rather sophisticated methods for computer solution 
of (2). 
3.3. A singular example 
If a two dimensional semi-infinite fluid is allowed to fall under the influence of gravity through 
a fluid of much lower density, then Rayleigh-Taylor spikes will form. In the long-time limit and 
in the neighborhood of a spike, the fluid interface acquires the shape 
J(x) = -a*/x*, (9) 
where a depends on physical parameters. 
Assuming J(x) is periodic, but has this behavior near x = x0 = 0, we can estimate the behavior 
of u(x) near u0 = 0 from (3). The adjustment previously applied to (4) is not relevant because 
dj/dx is now infinite rather than zero at x = 0, u = 0. For small u, 
dJ 2a2 2x d 
dx- x3 
- - = y &oglu(x) 1 
so that 
u(x)=exp-( ,rra2/31x13) forx+O. 
This agrees with the result previously derived by an entirely different method [4]. In another 
calculation, we have verified that (2) does yield a quantitative solution by the MZ method for the 
conformal map problem when J(x) has a singularity of the type - a*/~*. 
3.4. Ellipses 
Consider the mapping of the interior of the ellipse 
X*/a* + Y*/b* = 1 
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in the Z = X+ iY plane to the interior of the unit disc in the W-plane. Suppose that b2 =sz a2 so 
that the crowding is at (X, Y) = (+a, 0). Defining polar coordinates by 
Z = r eie, IV= p e’+, 
and using (l), we relate to the earlier notation by x = 8, u = 9, x0 = u0 = 0, j(x) = - log r( 8). 
The scale transformation 
,F=X+iJ=2z, W=ii+iC=2w, 
under which (2) is invariant, carries the ellipse boundary into 7 = 29(+X), which has a single 
- - 
minimum on the basic period - IT d X < IT. Then the formulas of Section 2 can be applied to u(x) 
and to 29(4x) in place of u(x) and j(x) respectively. 
(If j(x) had several minima of comparably severe crowding, not related by a scale symmetry, 
the remedy would be to consider a set of equations like (3), depending on functions u(x;) with 
the xi localized near the minima of j(x), and the right side of (3) would generalize to a sum of 
terms, depending on the distances of u(x;) to each of the crowding centers.) 
Returning to the polar coordinates notation, we get the principal crowding formula for the 
ellipse problem, 
sin +( 0) sinh Q(2e) 
sin &4) = sinh Q(28,) ’ 
with 
The bold approximation for the crowding 
id&\ 71 1 
y2 = b2/(a2 - b’). 
at the minimum of - log r( 8), i.e. at 8 = 0, is 
2 
\ I =- de e=o 2~~ sinh Q(n) ’ 
Let us compare this in the limit of large a/b with the analytic result. We have 
where p is a constant of order unity, independent of a, b. Then, 
crowding) = - 2”Ta2 e-n20/(4b)e-/3 
b2 
plus correction terms of relative order b/u. 
The exact mapping is [6] 
W/6 dt 
{(l - t’)(l - k2t) 
where, in the standard notation for elliptic variables, 
e - nK'/K = q = ((u - b)/(a + b))2. 
We have 
(11) 
exact)=Real( z$T}z_O= yi(l -k) 
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Table 5 
Interior of ellipse, a/b = 20 
e HO) 
Exact 
0 0 
0.0025n 1.0265~10-‘~ 
O.OOSOn 1.0897x10-” 
o.O075?r 7.7923 x lo- I6 
0.010n 3.4425 x lo-l4 
0.015n 1.5691 x10-” 
0.02a 1.4017 x 1o-9 
o.o3?l 1.2938~10-~ 
0.04n 1.4567x10-’ 
Approximate 
0 
1.020 x lo- I9 
1.074x 10-l’ 
7.615 x lo-l6 
3.334x10-I4 
1.496 x lo-” 
1.314x 1o-9 
1.164x 1O-6 
1.279~10-~ 
d+/dQ 
Exact 
9.6867 x lo- I9 
6.2903 x lo- ” 
6.2277 x lo- ” 
4.0050 x lo- I3 
1.5507 x lo-” 
5.2247 x 1O-9 
3.4198 x lo-’ 
1.5786x 1O-4 
1.2583 x 1O-3 
Approximate 
(matched) 
6.24x10-” 
6.13x1O-‘5 
3.91 x10-l3 
1.50x10-” 
4.97 x 1o-9 
3.19x10-’ 
1.41 x 1o-4 
1.09x 1o-3 
whence, for large a/b, using the relations among k, K, q from elliptic function theory, 
02) 
plus terms of relative order b/a. 
Thus, (11) has the correct dependence on the ellipse parameters for large a/b and the correct 
order of magnitude. Its error is due to fl, which enters because the Q integration was extended 
over a region where the crowding formula is not valid. 
This prompts an alternative matched crowding formula: set 
sin +( 0) = C sinh Q(26) (13) 
where the constant C is set to yield the known correct value of (d+/d0),. For example, if 
a/b = 20, (d+/dB), = 9.68669157 X lo-l9 and thus, C = 1.5455489 x lo-*‘. Table 5 compares 
the values of $(8) and d$/d8 predicted by (13) to the exact values in the region of crowding. 
Unlike the situation with the cosine curves, the crowded region for the mapping of the interior of 
a very eccentric ellipse to a disk is confined to a very narrow region about 0 = 0, with the 
remainder of +( 0) being quite flat. In this region, the simple equation (13) gives data accurate to 
lo-15% over a set of values ranging through 16 decades. 
4. Applications 
Although our model for difficult cases of conformal mapping does not provide a precise 
solution, and we do not have a general method for estimating its error, the model can serve the 
interests of a precise calculation in several ways. 
4.1. Order of magnitude 
An order-of-magnitude estimate for du/dx when this is small is given in a very simple form. 
This gives an advance indication of which mapping techniques may run into trouble and what 
magnitude of calculational effort may have to be expended. It also indicates, through the 
N, > $(du/dx)-’ rule, when a Fourier series expansion of z(w) is not viable. 
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4.2. Initial approximation 
A conformal mapping technique of an iterative character may profit from a close initial 
approximation. Thus, the use of the crowding formula (matched to a fair initial approximation in 
the uncrowded region), speeds up the computing times for hard cases reported in MZ by factors 
of 20 to 50. 
4.3. N2 versus N3 
MZ also provides a formula for the first-order correction au(x) in the boundary map function 
due to a change Sj( x) of the boundary. The inversion of an N x N matrix in an N th order map 
calculation will require computing time proportional to N 3, for larger N. The- 6u(x) formula 
represents an approximate explicit inversion of this matrix. Given an initial approximation good 
to lo%, or even 50%, as in our examples, iteration of the au(x) formula offers a viable 
alternative, for which the time goes up like N2. 
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